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The model of a planar atom which possesses a non-vanishing electric dipole moment interacting
with magnetic fields in a specific setting is studied. Energy spectra of this model and its reduced
model, which is the limit of cooling down the atom to the negligible kinetic energy, are solved
exactly. We show that energy spectra of the reduced model can not be obtained directly from the
full ones by taking the same limit. In order to match them, we must regularize energy spectra of the
full model when the limit of the negligible kinetic energy is taken. It is one of the characteristics of
the Chern-Simons quantum mechanics. Besides it, the canonical angular momentum of the reduced
model will take fractional values although the full model can only take integers. It means that
it is possible to realize the Chern-Simons quantum mechanics and fractional angular momentum
simultaneously by this model.
PACS numbers: 03.65.Vf, 03.65.Pm, 03.65.Ge
I. INTRODUCTION
Chern-Simons quantum mechanics was firstly studied
in [1]. It describes a charged planar particle confined by
a quadratic scalar potential in the background of a con-
stant external magnetic field. It is found that the reduced
model, which is the zero-mass (m → 0) limit of the full
model, behaves non-trivially. Although the solutions to
the classical equations of motion of the reduced model
can be obtained directly from the full ones by taking the
limit m → 0, energy spectra of this reduced model can
not be obtained straightforwardly from the full model’s
in the same manner. Because energy spectra of the full
model will be divergent when the limitm→ 0 is taken. In
order to match them, one must regularize spectra of the
full theory artificially when this limit is taken. Besides it,
the authors show that eigenvalues of the canonical angu-
lar momentum take integer values in the full theory (in
the unit of ~ = 1). However, in the reduced model, it
can only take positive half-odd numbers.
The author of [2] studies an atom with a non-vanishing
electric dipole moment interacting with magnetic fields.
It is found that eigenvalues of the canonical angular mo-
mentum of the reduced model, which is obtained by cool-
ing down the atom to the negligible kinetic energy, can
only take positive half-odd numbers. It is one of the char-
acteristics of the Chern-Simons quantum mechanics. It
means that one can use an atom to realize Chern-Simons
quantum mechanics which describes a charged particle
before.
The fractional angular momentum is an interesting is-
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sue in physics [3, 4]. It receives some renewed interests re-
cently [5–7] . As is well-known, eigenvalues of the canon-
ical angular momentum should be quantized in the unit
of ~/2 in three-dimensional space due to the non-Abelian
rotation group. However, this conclusion is incorrect in
2 + 1 dimensional space-time since the rotation group in
two-dimensional space is an Abelian one which does not
impose any constraints on eigenvalues of the canonical
angular momentum. Due to the dynamical nature of the
Chern-Simons gauge field and the absence of the Maxwell
term, one can realize the fractional angular momentum
in 2+1 dimensional space-time by coupling charged par-
ticles or charged fields with the Chern-Simons gauge field
[8–13].
Ref. [14] provides an alternative approach to realize
the fractional angular momentum by using a cold ion.
The author considers an trapped planar ion coupling to
two different types of magnetic potentials. One is the
dynamical the other is the Aharonov-Bohm type which
is generated by a long-thin flux-carried solenoid. As ex-
pected, eigenvalues of the canonical angular momentum
of this model take integers. However, it is showed that
eigenvalues of the canonical angular momentum of the
reduced model, which is obtained by cooling down the
kinetic energy of the ion to its lowest level, take frac-
tional values. The fractional part is proportional to the
magnetic flux inside the solenoid.
In this paper, we propose a model which can realize
the Chern-Simons quantum mechanics and the fractional
angular momentum simultaneously. Different from pre-
vious studies [2, 14] which realize Chern-Simons quantum
mechanics and fractional angular momentum by charged
particles, we realize them simultaneously by a cold atom
which possesses a non-vanishing electric dipole moment.
The organization of the paper is as follows: In the next
section, we introduce the model and solve it exactly by
2employing an algebraic method. Then, in section III,
we analyze the reduced model which is obtained by cool-
ing down the atom to the limit of negligible small kinetic
energy from the full model. We show that energy spectra
of the reduced model can not be obtained trivially from
the full model by taking the same limit. In order to match
them, we must regularize energy spectra properly. It is
one of the characteristics of the Chern-Simons quantum
mechanics. Furthermore, we show that eigenvalues of the
canonical angular momentum of the reduced model take
fractional values. Some remarks and further discussions
will be given in the last section.
II. THE FULL MODEL
Our model is a planar atom with a non-vanishing elec-
tric dipole moment interacting with two magnetic fields.
This atom is confined by a harmonic potential and the
electric dipole moment is perpendicular to the plane. The
harmonic potential and the magnetic fields are arranged
that the motion of the atom is rotationally symmetric.
To be specific, the magnetic fields take the form
B(1) =
λm
2πr
er, (1)
B(2) =
ρmr
2
er, (2)
where λm is the magnetic charges per unit length on the
long filament, ρm is the density of the magnetic charges
and er is the unit vector along the radial direction on the
plane.
In three-dimensional space, the Hamiltonian which
governs the dynamics of an atom with a non-vanishing
electric dipole moment in the background of the magnetic
field B is
H =
1
2m
(p+
d
c2
n×B)2 − ~d
2mc2
∇ ·B, (3)
in which p = −i~∇ is the canonical momentum, d is the
magnitude of the electric dipole moment and n is the unit
vector along the electric dipole moment. This Hamilto-
nian is the non-relativistic limit of a relativistic spin half
neutral particle with a non-vanishing electric dipole mo-
ment interacting with magnetic fields [15]. In our model
we apply two magnetic fields (1, 2) simultaneously, i.e.,
B = B(1) + B(2). In fact, only B(2) contributes to the
term ∇ ·B since ∇ ·B(1) = 0 in the area r 6= 0 where the
atom moves. Therefore, the last term of the Hamiltonian
(3) in our model becomes ∇ ·B = ~dρm/(2mc2).
One can derive the He-Mckellar-Wilkens (HMW) effect
[15, 16] from the above Hamiltonian by only turning on
the magnetic field B(1). The HMW effect is firstly pre-
dicted by He and McKellar [15] and later independently
by Wilkens [16]. This effect states that a neutral particle
with a non-vanishing electric dipole moment will accu-
mulate a topological phase if it moves around a line of
magnetic charge with its electric dipole moment paral-
leling to the line. It shows that the effect of magnetic
field B(1) is purely geometrical. It does not influence the
classical motion of the particle. The magnetic field B(1)
plays an analogous role as the magnetic potentials pro-
duced by the long-thin magnetic flux-carried solenoid in
the Aharonov-Bohm (AB) effect [17–19]. Therefore, the
magnetic field B(1) does not have dynamical contents.
Its effect only arises in the quantum phase of the wave
function.
The other aspect of the Hamiltonian (3) which has
been studied is that the energy eigenvalue of the Hamil-
tonian (3) with only B(2) turning on are analogous with
Landau levels [20]. Thus, it means that the Landau lev-
els can also be realized by a neutral particle with a non-
vanishing electric dipole moment. It may afford a possi-
ble method to realize the quantum Hall effect [21–23] by
neutral particles.
It should be mentioned that the similarity between
Landau levels and eigenvalues of neutral particles inter-
acting with electromagnetic fields in various backgrounds
has attracted much attention since the work of [24]. In
refs. [25–32], the authors solved energy spectra of neu-
tral particles which possesses non-vanishing electric or
magnetic dipole moments in the background of electro-
magnetic fields analytically in various configurations.
Since the motion of the atom is on a plane which is
perpendicular to the electric dipole moment, we concen-
trate on this plane and write the Hamiltonian (3) on this
plane as
H =
1
2m
(pi − d
c2
ǫijBj)
2 − ~dρm
2mc2
, i, j = 1, 2, (4)
where the summation convention is applied. Besides the
magnetic fields (1, 2), we assume that the atom is trapped
by a harmonic potential 12Kx
2
i . Thus, our model is de-
scribed by the Hamiltonian
H =
1
2m
(pi − d
c2
ǫijBj)
2 +
1
2
Kx2i −
~dρm
2mc2
. (5)
The Lagrangian corresponding to the above Hamilto-
nian is
L =
1
2
mx˙2i +
d
c2
ǫij x˙iBj − 1
2
Kx2i +
~dρm
2mc2
. (6)
The canonical momenta with respect to variables xi are
defined by
pi =
∂L
∂x˙i
= mx˙i +
d
c2
ǫijBj . (7)
The commutators among the canonical variables xi, pi
are
[xi, xj ] = [pi, pj ] = 0, [xi, pj] = i~δij (8)
which are the standard Heisenberg algebra.
3With the well-defined canonical variables xi and pi,
we can define the canonical angular momentum unam-
biguously as
J = ǫijxipj . (9)
One can verify
[J, H ] = 0 (10)
by a straightforward calculation. It indicates that the
canonical angular momentum is a conservative quantity.
The canonical angular momentum can also be written as
J = −i∂/∂ϕ with ϕ being the polar angular. Obviously,
eigenvalues of the canonical angular momentum can only
be
Jn = n~, n = 0,±1,±2, · · · . (11)
Based on the basic commutators (8), we can solve
eigenvalues of the Hamiltonian (5) algebraically. In doing
so, we introduce new variables x˜i, p˜i to replace xi, pi in
Hamiltonian (5),
p˜i = pi − d
c2
ǫijBj , x˜i = xi. (12)
The commutators among variables x˜i, p˜i can be de-
rived from (8, 12). They are
[x˜i, x˜j ] = 0, [x˜i, p˜j] = i~δij ,
[p˜i, p˜j ] = − i~dρm
c2
ǫij . (13)
Replacing the variables xi, pi by x˜i, p˜i in Hamiltonian
(5), we get
H =
p˜2i
2m
+
K
2
x˜2i −
~dρm
2mc2
. (14)
Obviously, the commutators (13) are different from (8)
because of the noncommutativity between p˜i. We map
the variables (x˜i, p˜i) to a new set of variables (Xi, Pi)
which satisfy the standard Heisenberg algebra. The map
is
Xi = x˜i, Pi = p˜i +
dρm
2c2
ǫij x˜j . (15)
In terms of variables Xi, Pi, we write the Hamiltonian
(14) in the form
H =
P 2i
2m
+
1
2
mΩ2X2i + ωǫijXiPj −
~dρm
2mc2
, (16)
where ω2 =
d2ρ2
m
4m2c4 , Ω
2 = ω2 + K
m
. Introducing
annihilation-creation operators
ai =
√
mΩ
2~
(Xi +
i
mΩ
Pi),
a†i =
√
mΩ
2~
(Xi − i
mΩ
Pi), (17)
and applying the Bogoliubov transformation
A1 =
√
1
2
(ia1 + a2), A
†
1 =
√
1
2
(−ia†1 + a†2),
A2 =
√
1
2
(ia2 + a1), A
†
2 =
√
1
2
(−ia†2 + a†1), (18)
in which Ai, A
†
i satisfy [Ai, Aj ] = [A
†
i , A
†
j ] =
0, [Ai, A
†
j ] = δij , we write the Hamiltonian (5) in the
form
H = ~ω1A
†
1A1 + ~ω2A
†
2A2 + ~Ω−
~dρm
2mc2
. (19)
where ω1 = Ω − ω, ω2 = Ω + ω. Therefore, the Hamil-
tonian (5) is equivalent to the one which describes two
uncoupled harmonic oscillators.
The Hamiltonian (19) is already in the diagonal form.
Eigenvalues can be read directly, they are
En1,n2 = (n1 +
1
2
)~ω1 + (n2 +
1
2
)~ω2 − ~dρm
2mc2
(20)
where n1, n2 = 0, 1, 2, · · · .
We can express the canonical angular momentum (9)
in terms of annihilation-creation operators Ai, A
†
i . It is
J = ~(A†1A1 −A†2A2). (21)
The conversation and eigenvalues of the canonical angu-
lar momentum (10, 11) will be more transparent if we
write it in terms of Ai, A
†
i .
III. THE REDUCED MODEL AND THE
FRACTIONAL ANGULAR MOMENTUM
In this section, we study the reduced model which is
obtained by cooling down the atom to the negligible ki-
netic energy [33]. Mathematically, it is equivalent to take
the limit m → 0 in the Hamiltonian (5) or Lagrangian
(6).
In order to keep the Hamiltonian (5) finite, we have no
other choices but to set
pi − d
c2
ǫijBj = 0. (22)
These equations in fact, lead to the relations among the
variables xi and pi. Thus, they are constraints in the
terminology of Dirac [34]. We label them as
φ
(0)
i = pi −
d
c2
ǫijBj ≈ 0, (23)
in which ‘≈’ is weak equivalent. It means that (23) are
only valid on the constraint surface. These constraints
can also be obtained from the Lagrange description. Af-
ter taking the limit of m → 0, the Lagrangian (6) be-
comes
Lr =
d
c2
ǫij x˙iBj − 1
2
Kx2i +
~dρm
2mc2
. (24)
4Introducing the canonical momenta with respect to xi,
we get
pi =
∂L
∂x˙i
=
d
c2
ǫijBj . (25)
Evidently, the introduction of canonical momenta leads
to the primary constraints. They are nothing but (23).
The Poisson brackets among constraints φ
(0)
i are
{φ(0)i , φ(0)j } = −
dρm
c2
ǫij . (26)
Since {φ(0)i , φ(0)j } 6= 0, they belong to the second class
and there are no secondary constraints. Because of the
second class nature, the constraints can be regarded as
‘strong’ equivalence.
The Hamiltonian of the reduced model is the zero-mass
limit of (5). Equivalently, it can also be read from the
Lagrangian (24) directly since it is in the first-order form
[35]. It is
Hr =
1
2
Kx2i −
~dρm
2mc2
. (27)
Eigenvalues of this reduced Hamiltonian can be obtained
once the commutation relations between xi are deter-
mined. The classical version of commutators among xi,
i.e., Dirac brackets among variables xi are defined by [34]
{xi, xj}D = {xi, xj}−{xi, φ(0)m }{φ(0)m , φ(0)n }−1{φ(0)n , xj}.
(28)
After some algebraic calculations, we arrive at
[xi, xj ] = i~{xi, xj}D = i~c
2
dρm
ǫij . (29)
Thus, up to a constant, the reduced Hamiltonian (27) is
equivalent to a one-dimensional harmonics oscillator. Its
eigenvalues can be read directly from the Hamiltonian
(27) and commutation relation (29) as
En =
~c2K
dρm
(n+
1
2
)− ~dρm
2mc2
. (30)
It is natural to wonder whether energy spectra of the
reduced model (30) can be obtained directly from the full
ones (20) by taking the limit ofm→ 0. A straightforward
calculation shows that
lim
m→0
ω1 → Kc
2
dρm
,
lim
m→0
ω2 → ∞. (31)
Obviously, one of the frequencies, namely, ω2, will tend
to infinity when the atom is cooled down to the negligi-
ble kinetic energy. Therefore, energy spectra of the full
model will be divergent when the limit m → 0 is taken.
The similar problem is also appeared in the studying of
the Chern-Simons quantum mechanics [1]. In order to
get a physical result, we must get rid of the infinity arti-
ficially. We set
ω2 = 0 (32)
when the limit m→ 0 is taken.
The reason we set ω2 = 0 is that in this limit, the
energy gap of one of the harmonic oscillators (20) tends to
infinity. Thus, the energy gaps of this harmonic oscillator
is too large to be excited. That is to say, this harmonics
oscillator is completely frozen in this limit. Thus, we
can get rid of them safely. The remaining part of energy
spectra (20) matches the reduced spectra (30) exactly.
Now, we focus on the rotation property of the reduced
model. The canonical angular momentum of the reduced
model is also defined as Jr = ǫijxipj , in which the canon-
ical momenta pi are given by (25). Substituting (25) into
Jr = ǫijxipj, we get
Jr = ǫijxipj = − d
2c2
(ρmx
2
i +
λm
π
). (33)
It is analogous to a one-dimensional harmonic oscillator.
With the help of commutators (29), we can get eigenval-
ues of Jr easily. They are
Jrn = −(n+ 1
2
)~− dλm
2πc2
, n = 0, 1, 2, · · · . (34)
Interestingly, eigenvalues of the reduced canonical angu-
lar momentum can only take negative half-odd numbers
if the magnetic field B(1) is not considered.
The result (34) shows that eigenvalues of the canonical
angular momentum can take fractional values. Apart
from a minus sign, the fractional part is proportional to
λm, which is the magnetic charges per unit along the
filament.
IV. REMARKS AND FURTHER DISCUSSIONS
In this paper, we propose a model to realize the Chern-
Simons quantum mechanics and fractional angular mo-
mentum simultaneously. The model contains a trapped
atom which possesses a non-vanishing electric dipole mo-
ment and two magnetic fields. The results of the present
paper can also be understood from the electromagnetic
duality point of view.
Since the discovery of AB effect [17], Aharonov and
Casher predicted that a neutral particle with a non-
vanishing magnetic dipole moment would acquire a topo-
logical phase if it moves around a uniformly charged in-
finitely long filament with its direction paralleling to the
filament. It is the Aharonov-Casher (AC) effect [37–41].
It is generally accepted that the AB effect is dual to the
AC effect in the sense that the solenoid in the AB effect
can be thought of a linear array of magnetic dipoles and
exchanges the magnetic dipoles with the electric charges
[37, 42]. Therefore, for the AC effect one has a line of
5electric charges and a particle with a magnetic dipole
moment moving around this line.
The Hamiltonian which describes the interaction be-
tween a neutral particle with a non-vanishing magnetic
dipole moment and electric fields is
H =
1
2m
(p− µ
c2
n×E)2 + µ
2mc2
∇ · E (35)
where µ is the magnitude of the magnetic dipole moment.
It is the non-relativistic limit of a relativistic spin half
neutral particle with a non-vanishing magnetic dipole
moment interacting with electric fields [37].
In [36], the authors propose to realize the fractional
angular momentum from the above Hamiltonian by ap-
plying two electric fields E = E(1) + E(2) and confining
it by a harmonic trap potential. The electric fields are
E(1) =
λe
2πǫ0r
er, (36)
E(2) =
ρer
2ǫ0
er, (37)
where λe and ρe are the charges per unit length on the
long filament and the charge density respectively, ǫ0 is
the dielectric constant. After taking the limit of cooling
down the kinetic energy of the atom to its lowest level,
one gets the canonical angular momentum. It is [36]
J =
µ
2c2ǫ0
(ρex
2
i +
λe
π
) (38)
where xi are on the plane which is perpendicular to the
magnetic dipole moment. They satisfy the commutation
relations
[xi, xj ] = − i~ǫ0c
2
µρe
. (39)
Obviously, eigenvalues of the canonical angular momen-
tum can be read directly from (38) and commutation
relation (39) as [36]
Jn = (n+
1
2
)~+
µλe
2πc2ǫ0
. (40)
However, it is argued that it is the HMW effect rather
than the AB effect which is dual to the AC effect [15].
Because there is a natural correspondence between the
AC and HMW effects: the magnetic dipole moment in
the AC effect corresponds to the electric dipole moment
in the HMW effect, the electric charges in the AC effect
corresponds to the magnetic charges in the HMW effect.
The duality between the AC effect and the HMW effect
can be expressed exactly as
{
E
d
}
→ 1√
ǫ0µ0
{
B
µ
}
,
{
λe
ρe
}
→
√
ǫ0
µ0
{
λm
ρm
}
(41)
and
{
B
µ
}
→ − 1√
ǫ0µ0
{
E
d
}
,
{
λm
ρm
}
→ −
√
ǫ0
µ0
{
λe
ρe
}
(42)
where the minus arises from the asymmetric nature of
the electromagnetic duality.
It is easy to check that the AC effect is dual to the
HMW effect through (41) and the HMW effect is dual to
the AC effect through (42). Furthermore, the Maxwell
equations are also invariant under the dualities (41, 42)
and
Je →
√
ǫ0
µ0
Jm, Jm → −
√
ǫ0
µ0
Je (43)
with Je (Jm) being the electric (magnetic) current den-
sity provided the magnetic charges are presented [43].
Interestingly, the authors of [44] predict that there is a
new topological effect which is dual to the AB effect ac-
cording to the duality relations (41, 42).
These duality relations are also applied in [20]. In [20],
the authors find that energy spectra of an electric dipole
moment in the background of the magnetic field (2) are
dual to spectra of a magnetic dipole moment interacting
with the electric field (37) through (41, 42) [24].
The dualities (41, 42) not only hold in the Hamiltoni-
ans (3) and (35), but also in the canonical angular mo-
mentum (33) and (38) as well as the commutation rela-
tions between xi in the reduced models (29) and (39).
Therefore, the studies of the present paper can be re-
garded as the electromagnetic duality of the [36] from the
point of view (41, 42). It may be curious that eigenval-
ues of the angular momentum (34) take negative values.
The minus sign in eigenvalues of the angular momentum
(34) originates from (33), which is the direct result of
the electromagnetic dualities (41, 42). It can also be un-
derstood classically since the atom can only stay in the
stable equilibrium provided the direction of the classi-
cal angular momentum is inverse to the electric dipole
moment.
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